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Abstract
We apply (Fractional) Analytic Perturbation Theory (FAPT) to the QCD analysis of the non-
singlet nucleon structure function F2(x,Q
2) in deep inelastic scattering up to the next leading
order and compare the results with ones obtained within the standard perturbation QCD. Based
on a popular parameterization of the corresponding parton distribution we perform the analysis
within the Jacobi Polynomial formalism and under the control of the numerical inverse Mellin
transform. To reveal the main features of the FAPT two-loop approach, we consider a wide range
of momentum transfer from high Q2 ∼ 100 GeV2 to low Q2 ∼ 0.3 GeV2 where the approach still
works.
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I. Introduction
QCD analysis of deep-inelastic scattering (DIS) data provides one with new knowledge of
hadron physics and serves as a test of reliability of our theoretical understanding of the hard
scattering of leptons and hadrons. At large momentum transfer q, − q2 = Q2 ≫ 1 GeV2 we
have the reliable description of DIS that is based on the twist expansion and “factorization”
theorems. At small (moderate) transfer Q2 . 1 (a few) GeV2 this QCD description faces
two main problems: (i) the high twist corrections to the leading twist contribution become
important but remains poorly known; (ii) perturbative QCD (pQCD) becomes unreliable
due to the fact that the QCD running coupling αs(Q
2) grows and “feels” infra-red Landau
singularity appearing at the scale Q ∼ ΛQCD ∼ of a few tenth of GeV. We discuss in this
paper a solution of the last problem by applying to DIS analysis a nonpower perturbative
theory whose couplings have no singularity at Q2 > 0 and whose corresponding series possess
a better convergence at low Q2.
A widely used approach to resolve the aforementioned problem is to apply the Analytic
Perturbation Theory (APT) developed by Shirkov, Solovtsov et al. [1–5]. There, the running
QCD coupling as(Q
2) ≡ αs(Q2)/4π of pQCD is transformed into an analytic (holomorphic)
function of Q2, a1s(Q
2) 7→ A1(Q2), APT coupling. This was achieved by keeping in the
dispersion relation the spectral density ρ
(pt)
1 (σ) ≡ Im as(Q2 = −σ− iǫ)/π unchanged on the
entire negative axis in the complex Q2-plane (i.e., for σ ≥ 0), and setting it equal to zero
along the unphysical cut 0 < Q2 < Λ2. In the framework of APT the images An(Q2) of
integer powers of the originals ans (Q
2), ans 7→ An following the same dispersion relations were
also constructed. At low Q2 the couplings An(Q2) change slowly with Q2 in contrast with the
original ans (Q
2) behaviour while at high Q2 An(Q2) → ans (Q2). Later, the correspondence
aνs 7→ Aν was extended to noninteger powers/indices ν in [6–10] and was called Fractional
APT (FAPT), which provides the basis for application to DIS. In this respect let us mention
a recent papers [11] where the processing of the DIS data has been performed in FAPT in
the one-loop approximation and the reasonable results for hadron characteristics has been
obtained.
Various analytic QCD models can be constructed, and have been proposed in the liter-
ature, among them in Refs. [13–19]. These models fulfill certain additional constraints at
low and/or at high Q2. For further literature on various analytic QCD models, we refer
to review articles [10, 20, 21]. Some newer constructions of analytic models in QCD of
A1(Q2) include those based on specific classes of β functions with nonperturbative contribu-
tions [22] or without such contributions [23–25] and those based on modifications of the the
spectral density ρ
(pt)
1 7→ ρ1 [ρ1[σ] ≡ Im A1(Q2 = −σ − iǫ)/π] at low (positive) σ where ρ1 is
parameterized in a specific manner by adding two positive delta functions to ρ
(pt)
1 , cf. [26].
The possibility to extend the DIS analysis formally in the whole Q2 range together with
the effect of slowing-down of the FAPT evolution of the parton distribution functions (PDF)
in the low Q2 region are attractive phenomenological features of FAPT. A number of works
deal with this task in a naive form [27], where the authors show that at very low Q2 and
Bjorken variable x APT agrees with experimental data. Besides, the applicability of the APT
approach was analyzed in the Bjorken polarized sum rule [28] confirming that the range of
validity of APT is down to Q ∼ ΛQCD ≃ 350 MeV, as compared to experimental data. The
common feature of these works was taking into consideration some nonperturbative effects
against the background of APT, i.e., higher twists in [27–29] or an effective constant gluon
mass in [30].
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The basis for applying FAPT to low energies in this approach is the factorization theorem
that allows one to shift the frontier between the perturbative and nonperturbative effects
via the variation of the factorization scale. Therefore, we shift the range where perturbation
series is applicable in FAPT, as it was demonstrated in [28] (see reviews of this issue in [10],
where this phenomenon was also discussed for pion form factors).
Our goal here is to elaborate a general scheme of DIS data processing in the framework
of FAPT taking as a pattern the DIS analysis at NLO. In this respect the discussion here
can be considered as an extension of the partonic results of the article [11] on the higher-
loop level. We shall focus on the specifics of the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
(DGLAP) evolution of the PDF f(x;µ2) in FAPT. We involve into consideration the co-
efficient function C(x, as) of the process and compare the final result with a similar one
in pQCD. An important problem of higher twist contribution remains untouched here, but
higher twist effects can be taken as an unknown function h(x), i.e. h(x)/Q2 [11], or as a
constant [28] µ4/Q
2, or as an effective sum of all twists contributions in [29]. We stress
that HT effects are only indirectly affected by the analytization procedure. The behavior
of HT will be given by the fit of experimental data together with the corresponding parton
distribution functions [11, 27, 28]. Besides, in [28] the authors included more terms in the
HT expansion and demonstrated that they are essentially smaller and quickly decreasing.
Because of this (theoretically) unknown behavior we avoid this problem since we pretend
to provide perturbation tools how to deal with FAPT, while the pure phenomenological
analysis is transferred to future investigations.
Let us recall that the DIS analysis can be performed in a few different ways: one of them
is provided by the Mellin moments defined via inelastic structure functions (SFs) F (x,Q2),
M(n,Q2) =
∫ 1
0
dxxn−1F (x,Q2), (n = 1, 2, 3, ...) . (1.1)
The second approach is based on the direct application of the DGLAP integro-differential
evolution equations [31] to PDF f , while the observable SF is the Mellin convolution of
the coefficient function and PDF, F = C ∗ f . The third approach makes use of the Jacobi
Polynomial expansion method [32]. Just this method will be used in this work.
The paper is organized as follows: in Sec. II, we present a theoretical background where we
describe the Jacobi Polynomial (JP) method and how to calculate free parameters in order to
obtain the nonsinglet structure function. In Sec. III, we briefly describe the FAPT approach
and derive the DGLAP evolution for the momentsM(n,Q2) in FAPT. We present in Sec. IV
the free parameters obtained in the analysis of the so called MSTW parameterization, see [33]
for details, and the nonsinglet SFs at LO. Section IV contains the results of the analysis of
numerical realization of the FAPT evolution and the comparison with the results of analogous
calculations in pQCD. Finally, in Sec. V we summarize our conclusions. Important technical
details including new findings are collected in four appendices.
II. Jacobi Polynomial expansion for DIS analysis
We shall focus here on nonsinglet (NS) structure functions, FNS(x,Q
2), with their cor-
responding Mellin moments MNS(n,Q
2) (via Eq. (1.1)) to avoid technical complications of
the coupled system solution in the singlet case. The PDFs fp(x, µ
2) are universal process-
independent densities explaining how the whole hadron momentum P is partitioned in x ·P ,
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i.e., the momentum carried by the struck parton (see, for instance [34]). The x-dependence
of PDF is formed at a hadron scale of an order of P 2 by nonperturbative forces, while its
dependence on factorization/renormalization scale µ2 can be obtained within perturbation
theory.
A brief description of the evolution of the Mellin moments in pQCD, up to NLO, is out-
lined in Appendix B as well as the theoretical background with our notation and conventions.
We consider the scale Q20 as a reference scale for the solution of the evolution equation (B6a)
where the PDFs are regarded as functions of x and the parameters are fixed by comparison
with DIS data. In particular, we use here the data-based MSTW PDFs (see [33], where
Q20 = 1 GeV
2). Namely,
xuv(x,Q
2
0) = Aux
η1(1− x)η2(1 + ǫu
√
x+ γux), (2.1)
xdv(x,Q
2
0) = Adx
η3(1− x)η4(1 + ǫd
√
x+ γdx), (2.2)
where the values of Au,d, ηk (k = 1, ..., 4), ǫu,d and γu,d can be found in [33]. We use only the
valence quark PDFs because the NS PDF fNS can be expressed as fNS(x,Q
2) = uv(x,Q
2)−
dv(x,Q
2) (see Appendix B for details). The NS SF F2(x) = (C ∗ fNS) (x) is represented as
the Mellin convolution of coefficient function C of the process and the corresponding PDF
fNS. The F2(x) can be expanded in the Jacobi Polynomials Θ
αβ
n (x), which was developed in
Refs. [32], in truncating the expansion at n = Nmax, where the method converges (see, for
review [35]):
F2(x,Q
2;Nmax) = ω
αβ(x)
Nmax∑
n=0
Θαβn (x)
n∑
j=0
C
(n)
j (α, β)MNS(j + 1, Q
2). (2.3)
HereMNS(n,Q
2) are the Mellin moments of nonsinglet SF calculated explicitly in Eq. (B6a);
ωαβ(x) = xα(1−x)β is the weight function and the parameters α, β will be obtained by fitting
to the data. The Jacobi Polynomials Θαβn (x) are defined as an expansion series by means of
Θαβk (x) =
k∑
j=0
C
(k)
j (α, β)x
j. (2.4)
They satisfy the orthogonality relation∫ 1
0
ωαβ(x)Θαβk (x)Θ
αβ
l (x) = δkl. (2.5)
Another way to obtain SF F2(x,Q
2) is to take the inverse Mellin transform M−1 under
the moments MNS(n,Q
2) (i.e., the inverse of Eq. (1.1)). Choosing a convenient path of
integration one obtains for F2
F2(x,Q
2) ≡M−1 {MNS(n,Q2)} = 1
2πi
∫ c+i∞
c−i∞
x−nMNS(n,Q
2)dn, (2.6)
here we take the path along a vertical line Re(n) = c. We perform the “exact” numerical
Inverse Mellin Transform, further comparing the results with the Jacobi Polynomial method,
only at the one-loop level due to technical limitations. In this way, we estimate the accuracy
of the applied polynomial method, the results of this numerical verification are outlined in
Appendix C.
Let us finally mention that one can take SF F3 instead of the NS F2 to consider, e.g. , the
neutrino DIS results of the CCFR collaboration, like it was started in [11]. This replacement
will lead to only minor changes of technical details in the procedure elaborated below.
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III. FRACTIONAL ANALYTIC PERTURBATION THEORY and DIS
It is known that the perturbative QCD coupling suffers from unphysical (Landau) sin-
gularities at Q2 ∼ Λ2. This prevents the application of perturbative QCD in the low-
momentum spacelike regime and, in part, impedes the investigation of high twists in DIS.
Our goal here is not to discuss the motivation and complete construction of FAPT, which
couplings Aν are free of the aforementioned problems, but present to reader illustrations
of the properties of this nonpower perturbation theory that are important for further DIS
analysis.
A. Elements of FAPT
Application of the Cauchy theorem to the running coupling aνs(Q
2) ≡ (αs(Q2)/4π)ν ,
established in [1–5] and developed in [6–10], gives us the following dispersion relation (or
Ka¨lle´n-Lehmann spectral representation) for the images A(l)ν in the spacelike domain
A(l)ν (L) =
∫ ∞
0
ρ
(l)
ν [σ]
σ +Q2
dσ =
∫ ∞
−∞
ρ
(l)
ν (Lσ)
1 + exp(L− Lσ)dLσ , (3.1)
(where Lσ = ln(σ/Λ
2)) that has no unphysical (Landau) singularities. For the timelike
regime analogous coupling reads
A
(l)
ν (Ls) =
∫ ∞
s
ρ
(l)
ν [σ]
σ
dσ =
∫ ∞
Ls
ρ(l)ν (Lσ)dLσ. (3.2)
Here, A(l)ν (L) is the FAPT image of the QCD coupling aνs(l)(L) in the Euclidean (spacelike)
domain with L = ln(Q2/Λ2) and the label l denotes running in the l-loop approximation,
whereas in the Minkowski (timelike) domain, we used in (3.2) Ls = ln(s/Λ
2). It is convenient
to use the following representation for the spectral densities ρ
(l)
ν :
ρ(l)ν (Lσ) ≡
1
π
Im
(
as(l)(L− iπ)
)ν
=
sin[νϕ(l)(L)]
π
(
R(l)(L)
)ν , (3.3)
R(l)(L) =
∣∣as(l)(L− iπ)∣∣; ϕ(l)(L) = arg (as(l)(L− iπ)) .
From the definition (3.1) and Eq.(3.3) it follow that there is no standard algebra for the
images Aν , i.e. AνAµ 6= Aν+µ that justifies the name nonpower perturbative theory.
In the one-loop approximation, the ϕ(1), R(1) has the simplest form, i.e.,
ϕ(1)(L) = arccos
(
L√
L2 + π2
)
, R(1)(L) = β0
√
L2 + π2. (3.4)
Substituting Eq.(3.4) in Eq.(3.3) for ρ
(1)
1 and then the result ρ
(1)
1 (Lσ) in Eq.(3.1), one repro-
duces at Q2 = 0 the well-known expression for maximum value of A(1)1 (L), A(1)1 (L = −∞)
[1],
A(1)1 (−∞) =
∫ ∞
−∞
dLσ
β0(L2σ + π
2)
=
1
β0
> A(1)1 (L) . (3.5)
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At the two-loop level, they have a more complicated form. To be precise, one gets
as(2) = − 1
c1
1
1 +W−1(zW (L))
, (3.6)
and
R(2)(L) = c1(nf) |1 +W−1(zW (L+ iπ))| ,
ϕ(2)(L) = arccos
[
Re (1 +W−1(zW (L+ iπ)))
R(2)(L)
]
, (3.7)
with W−1(z) being the appropriate branch of the Lambert function, zW (L) =
−c−11 (nf)e−1−L/c1(nf ), ck(nf ) ≡ βk(nf )/β0(nf )k+1, where βk are the QCD β-function co-
efficients and nf is the number of active quarks, see the expressions in Appendix A. For our
purpose we use here only the two-loop couplings like aν(2)s, A(2)ν . Extensions up to four-loops
can be found in [36].
Now we implement this formalism with the help of numerical calculation with the main
module Mathematica package FAPT.m of [36] (confirmed by a recent program in [37]).
According to this and using the corresponding notation from [36] in the RHS of Eqs.(3.8-
3.10), we have
A(l)ν (L) =
AcalBarl[L, nf , ν]
(4π)ν
, (l = 1÷ 4;nf = 3÷ 6) (3.8)
A
(l)
ν (Ls) =
UcalBarl[L, nf , ν]
(4π)ν
, (l = 1÷ 4;nf = 3÷ 6) (3.9)
For the coupling in pQCD we obtain
as(l)(L = ln(Q
2/Λ2)) =
αBarl[Q2, nf ,Λ]
4π
, (l = 1÷ 4). (3.10)
The correspondence between the pQCD expansion and FAPT one is based on the linearity
of the transforms in Eqs.(3.1) and (3.2), see [5]. This can be illustrated for the simple case
of a single scale quantity D(Q2, µ2R), calculated within minimal subtraction renormalization
schemes and taken at the renormalization scale µ2R = Q
2. The expansions for D and for its
image D 7→ D are written as
pQCD: D(Q2) = d0a
ν
s(Q
2) +
∑
n
dn a
n+ν
s (Q
2)
FAPT: D(Q2) = d0Aν(Q2) +
∑
n
dn A(n+ν)(Q2) (3.11)
at the same coefficients di that are numbers at µ
2
R = Q
2.
B. FAPT for DGLAP evolution in NLO approximation
We start with the well-known solution of DGLAP equation for the nonsinglet PDF fNS in
NLO approximation. This solution is combined with the corresponding coefficient function
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C(x, as) – the parton cross-section taken at the parton momentum xP . This is presented in
Appendix B in the form of Eq.(B6a) for the moments MNS of the NS SF F2.
Rewriting Eq. (B6a) in the approximate form, i.e., neglecting the O(a2s) terms in the
two-loop evolution factor, one arrives at the commonly used relation
MNS(n,Q
2) =
a
dNS(n)
s(2) (Q
2) +
(
C
(1)
NS(n) +
β1
β0
p(n)
)
a
dNS(n)+1
s(2) (Q
2)
a
dNS(n)
s(2) (Q
2
0) +
(
C
(1)
NS(n) +
β1
β0
p(n)
)
a
dNS(n)+1
s(2) (Q
2
0)
MNS(n,Q
2
0). (3.12)
The use of FAPT will change in this scheme the sense of expansion parameters as in accor-
dance with (3.11). An analogous evolution relation for the analytic images of the moments
MNS, MNS 7→ MNS, can be obtained from Eq.(3.12) by replacing the powers (as)ν with the
FAPT couplings Aν (with ν being here an index rather than a power) [8] and reads
MNS(n,Q2) =
A(2)dNS(n)(Q2) +
(
C
(1)
NS(n) +
β1
β0
p(n)
)
A(2)dNS(n)+1(Q2)
A(2)dNS(n)(Q20) +
(
C
(1)
NS(n) +
β1
β0
p(n)
)
A(2)dNS(n)+1(Q20)
MNS(n,Q20). (3.13)
The implementation of the proposed calculation in the form of (3.8,3.10) is quite direct. The
FAPT evolution relation (3.13) for the moments is the main result of the Section. Further,
we shall use code (3.8) from [36] to obtain A(2)ν (L),
(
aνs(2)(L)
)
numerically.
The last approximation was taken up to O(AdNS+1) since the contribution of the next
term in the FAPT expansion in Eq.(3.13) is negligible in comparison with the previous one
(as we demonstrate in Appendix D). This analytic version of the moment evolution does not
face any problems at low energies due to the boundedness of couplings and rapid convergence
of the FAPT series.
In the absence of a fit of experimental data for the FAPT model we propose a relation
for the initial moments at Q20:
fNS(n,Q
2
0) =
MNS(n,Q
2
0)
as(Q20)
dNS(n) +
(
C
(1)
NS(n) +
β1
β0
p(n)
)
as(Q20)
dNS(n)+1
=
MNS(n,Q20)
A(2)dNS(n)(Q20) +
(
C
(1)
NS(n) +
β1
β0
p(n)
)
A(2)dNS(n)+1(Q20)
, (3.14)
where the moment of PDF (see Eq.(B3)) in pQCD stands in the LHS, while the moment for
PDF in FAPT stands in the RHS of the second equation. In other words, we take the same
initial PDF as in pQCD from the MSTW data for these both cases (in [11] the parameters
were taken the same since the difference between them was negligible). We can use either
the Jacobi Polynomial expansion or directly the inverse Mellin transform ( Appendix C).
IV. Results of numerical analysis
The accuracy of the SF approximation by a finite number of Jacobi Polynomials (trun-
cated at Nmax) depends on the choice of the weight-function parameters. Therefore, we test
the nonsinglet SF, given by the MSTW data, by searching for the minimum of (Q2 = Q20):
χ2α,β =
∣∣∣F (theor),Nmax2 /F (exp)2 − 1∣∣∣2 , (4.1)
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where we have used Eqs. (1.1) and (B6a) at Q2 = Q20. Thus, we have F2(x,Q
2
0) ≡
F
(exp)
2 (x,Q
2
0) and from Eq. (2.3) F
(theor),Nmax
2 (x,Q
2
0) ≡ FNmax2 (x,Q20). Then, we deter-
mine the values of α and β that provide the best fit to the data for different values of
Nmax. At the one loop level we find: Nmax = 13, α = 0.05, and β = 3.03 for χ
2 ≈ 10−9,
whereas for two loops we get (for even PDFs only): Nmax = 13, α = −0.8, and β = 2.99
for χ2 ≈ 10−9. To evolve nonsinglet moments, we need to fix the values of the QCD
scale Λ1,2(nf = 3) in the leading and next-to-leading order, taken in [33] from the com-
parison with data, where α
(1loop)
s (Q20 = 1GeV
2) = 0.682 ⇒ Λ1(nf = 3) = 0.359 GeV
and α
(2loop)
s (Q20 = 1 GeV
2) = 0.491 ⇒ Λ2(nf = 3) = 0.402 GeV. In the case of FAPT,
the scales ΛFAPT1,2 (nf = 3) must be taken into account very carefully. The authors of [11]
fixed the Λ value directly from the comparison with the data in the leading order (where
Q20 = 3 GeV
2) and obtained ΛFAPT1 (nf = 4) = 0.275 ± 0.039 GeV that corresponds to
ΛFAPT1 (nf = 3) = 0.333 ± 0.050 GeV. We can see that the perturbative and the analytic
values of Λ are close to each other at least inside the margin of errors. For this reason, we
will take Λ1,2(nf = 3) ≃ ΛFAPT1,2 (nf = 3) for simplicity (recalling that an appropriate value
should be taken from the analysis of the experimental data but this goes beyond the scope
of this work). The couplings in pQCD and in FAPT were calculated with the Mathematica
package developed by Bakulev and Khandramai in [36] where the heavy flavour thresholds
were taken into account.
Taking into account the above estimates of the initial parameters, we substitute
Eqs. (3.12) and (3.13) into Eq. (2.3), and obtain the evolution of SFs up to NLO in pQCD
or FAPT, respectively. We show the final results of the evolution in Figs. 1, 2 using for DIS
the character interval 0.3 ≤ Q2 ≤ 100 GeV2. In Fig. 1 we fix x at two different values:
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FIG. 1: Nonsinglet SF F2(x,Q2) vs Q2 at (a) LO and (b) NLO. The Bjorken x = 0.25 for (a.1) and (b.1),
and x = 0.7 for (a.2) or (b.2). The solid line represents the FAPT results and the dashed line – the pQCD
ones.
x = 0.25 in (a.1), (b.1), and x = 0.7 in (a.2), (b.2), where (a) and (b) represent the LO and
NLO results, respectively. In Fig. 2, we fix Q2 at three different values: Q2 = 0.3 GeV2 in
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FIG. 2: Nonsinglet SF F2(x,Q2) vs x at (a) LO and (b) NLO. The energy scale is Q2 = 0.3 GeV
2 in (a.1),
(b.1), Q2 = 1 GeV2 in (a.2), (b.2) and Q2 = 100 GeV2 in (a.3), (b.3). The solid line represents the FAPT
results and the dashed line – the pQCD ones.
(a.1), (b.1), with the initial point Q2 = 1 GeV2 in (a.2), (b.2), and Q2 = 100 GeV2 in (a.3),
(b.3), where again (a) and (b) represent the LO and NLO, respectively.
V. Summary
The main goal of this work is to propose a new theoretical tool for the DIS analysis, based
on Fractional Analytic Perturbation Theory, to the DIS community. This approach allows
one to analyze formally the leading-twist structure function in the whole Q2 range. This
conclusion is explicitly shown in Figs. 1 and 2. The scheme of the approach is formulated
in Sec. III and applied for data processing in Sec. IV. Our consideration is restricted to the
leading twist. The higher twist contributions (HT) can be taken into account by a fit of
experimental data together with PDFs. Moreover, the role of the stability of APT for this
fit was pointed out in [11, 27–29] (and in Introduction here). Our investigation reveals the
following main features of applying FAPT:
• Structure function F2(x,Q2) at fixed x changes very slowly in the entire range of Q2.
• At high Q2 evolution (Q2 & 100 GeV2) the pQCD and FAPT distributions become
practically equal.
• The evolution in FAPT is more gradual (i.e., it evolves slower) and smoother than in
pQCD.
• The new analytic (FAPT) series converge faster than the pQCD series. From inspec-
tion of Figs. 1, 2 it is obvious that the one- and the two-loop FAPT approximations
do not differ significantly from each other (the difference is less than 1%).
In this work, we have analyzed only the nonsinglet part, the consideration of the singlet
part can be performed along the same line but requires more complicated formulas and
cumbersome numerical calculations. This is the task for forthcoming investigation. Other
9
important issues to complete this FAPT approach as the reliable tool for DIS is to add the
target mass corrections (TMC) and the aforementioned HT contributions in our scheme of
calculation. These improvements will help one to clarify in future the behavior at very low
energies (Q2 ∼ 0.3 GeV2) in more detail. It would be important to emphasize, that the
FAPT approach admits investigation of the HT contributions in the most sensitive regime
of moderate/small Q2 due to the high stability of the radiative corrections.
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Appendix A: Explicit expressions for NLO β-functions, anomalous dimensions and
coefficient functions of DIS (nonsinglet case)
The renormalization group equation for as =
αs(L)
4π
at the expansion of the β-function
up to the NLO approximation is given by
d
dL
as(L) = −β(as(L)) = −β0a2s(L)− β1a3s(L) + . . . , (A1)
where the first two beta coefficients are
β0 =
11
3
CA − 4
3
TRnf , β1 =
34
3
C2A −
(
4CF +
20
3
CA
)
TRnf . (A2)
The anomalous dimensions of composite operators in LO, γ
(0)
NS(n), NLO γ
(1)
NS(n) and the
coefficient function C
(1)
NS(n) are expressed by means of transcendental sums Sα(n), see, e.g.,
[38],
γ
(0)
NS(n) = 2CF
[
1− 2
n(n+ 1)
+ 4 (S1(n)− 1)
]
, (A3a)
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γ
(1)±
NS (n) =
(
C2F −
1
2
CFCA
)
×
{
16S1(n)
2n + 1
n2(n+ 1)2
+ 16
[
2S1(n)− 1
n(n + 1)
]
·
[
S2(n)− S±2
(n
2
)]
+ 64S˜±(n) + 24S2(n)− 3− 8S±3
(n
2
)
−83n
3 + n2 − 1
n3(n + 1)3
∓ 162n
2 + 2n+ 1
n3(n + 1)3
}
+CFCA
{
S1(n)
[
536
9
+ 8
2n + 1
n2(n+ 1)2
]
− 16S1(n)S2(n)
+S2(n)
[
−52
3
+
8
n(n+ 1)
]
− 43
6
− 4151n
4 + 263n3 + 97n2 + 3n+ 9
9n3(n+ 1)3
}
+CFNFTR
{
−160
9
S1(n) +
32
3
S2(n) +
4
3
+ 16
11n2 + 5n− 3
9n2(n+ 1)2
}
, (A3b)
C
(1)
NS(n) = CF
(
2S21(n) + 3S1(n)− 2S2(n)−
2S1(n)
n(n + 1)
+
3
n
+
4
n+ 1
+
2
n2
− 9
)
.(A3c)
On the other hand, the series Sα(n) =
∑n
k=1
1
kα
can be expressed via the generalized Riemann
ζ functions, see [39], that are analytic functions in both variables α, n:
S1(n) = ψ(n+ 1)− ψ(1), (A4a)
S2(n) = ζ(2)− ψ′(n+ 1) = ζ(2)− ζ(2, n+ 1), (A4b)
Sα(n) = ζ(α)− ζ(α, n+ 1). (A4c)
S˜±(n) = S−2,1 = −5
8
ζ(3)∓
∞∑
k=1
(−1)k
(k + n)2
(ψ(k + n + 1)− ψ(1)) . (A4d)
For the S± and S˜ series we use the notation given in [40, 41]. Performing the analytic
continuation from even n, S+α , and from odd n, S
−
α ( see for details [41]) one obtains
S+α (n/2)→2α−1
[
Sα(n) + S
+
−α(n)
]
=2α−1 [Sα(n) + ζ(α)− Φ(−1, α, n+ 1)]− ζ(α), (A5a)
S−α (n/2)→2α−1
[
Sα(n) + S
−
−α(n)
]
=2α−1 [Sα(n) + ζ(α) + Φ(−1, α, n+ 1)]− ζ(α), (A5b)
where Φ(z, α, v) is the Lerch transcendent function [39]. The expressions on the r.h.s. of
Eqs.(A5) are now analytic functions in both variables α, n – this is a new result.
Appendix B: QCD evolution of moments up to NLO
The PDFs are the nonsinglet fNS(x,Q
2) and singlet fS(x,Q
2) parton distribution func-
tions,
fNS(x,Q
2) = uv(x,Q
2)− dv(x,Q2), (B1)
fS(x,Q
2) = uv(x,Q
2) + dv(x,Q
2) + S(x,Q2) ≡ V (x,Q2) + S(x,Q2), (B2)
whereas V (x,Q2) is the distribution of valence quarks and S(x,Q2) is the sea quark distri-
bution. More generally, the NS PDF is a combination of the forms u− d and d¯− u¯ but for
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our consideration we focus on the nucleon scattering provided by combination (B1). The
moments representation for PDFs is defined as
fNS(n,Q
2) =
∫ 1
0
dxxn−1fNS(x,Q
2), (B3)
fS(n,Q
2) =
∫ 1
0
dxxn−1fS(x,Q
2). (B4)
The moments MNS(n, µ
2) for the structure function FNS(x, µ
2) follow from the Mellin con-
volution F
def
= C ∗ f ,
FNS(z, µ
2) = (CNS ∗ fNS) (z, µ2) ≡
∫ 1
0
CNS(y, as)fNS(x, µ
2) δ(z − x · y)dy dx , (B5a)
MNS(n, µ
2) = CNS(n, as(µ
2)) · fNS(n, µ2) . (B5b)
Here CNS(x, as) is the nonsinglet coefficient function of the process that can be presented as
the perturbation series CNS(x, as) = 1 + as(Q
2)C
(1)
NS(x) + O(a
2
s); C
(1)
NS(n) in Appendix A is
the moment of the C
(1)
NS(x). The QCD evolution of the moments MNS up to NLO of is given
by (see Ref [38])
MNS(n,Q
2) =
1 + C
(1)
NS(n)as(Q
2)
1 + C
(1)
NS(n)as(Q
2
0)
(
1 + (β1/β0)as(Q
2)
1 + (β1/β0)as(Q20)
)p(n) [
as(Q
2)
as(Q20)
]dNS(n)
×MNS(n,Q20), (B6a)
where
MNS(n,Q
2
0) =
(
1 + C
(1)
NS(n)as(Q
2
0)
)
fNS(n,Q
2
0) , (B6b)
and:
dNS(n) = γ
(0)
NS(n)/2β0, p(n) =
1
2
(
γ
(1)
NS(n)
β1
− γ
(0)
NS(n)
β0
)
. (B6c)
The coefficients of anomalous dimension in LO and NLO and the coefficient function in NLO
are given in Eqs.(A3a), Appendix A. In the case of the nucleon structure function F2(x,Q
2),
one needs to take into account only even values of n in the NLO anomalous dimension.
Appendix C: Accuracy of the Jacobi Polynomial method
The accuracy of the evaluation of the structure functions depends on the method we use;
therefore, it is indispensable to verify it in our approach. The Jacobi Polynomial method
promises us a good enough accuracy for the evolution, as was shown in previous works
(see [32]).
This method is applied directly to the terms of the Bjorken variable x, but it affects the
Q2-dependence indirectly. Therefore, it is necessary to confirm the x-range applicability of
the JP method. To this end, we compare the results of the JP approach with the “exact”
numerical calculations of inverse Mellin moments following Eq. (2.6) but only in the one-loop
approximation due to technical limitations. The comparison of these two results in Fig. 3
demonstrates a very good accuracy. So, in order to clarify it, we perform a zoom in x, going
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to a lower x-region (∼ 10−2). We see in Fig. 4 that the JP method gradually loses precision
starting at x < 0.02. Also, we can see that in this range, the difference between these two
methods reaches 5%.
Appendix D: Accuracy of the rational approximation
Here we investigate the accuracy of the rational approximation for the two-loop evolution
factor
m(n,Q2) ≡
(
1 + (β1/β0)as(Q
2)
1 + (β1/β0)as(Q20)
)p(n)
, (D1)
in Eq.(3.12) for pQCD, and Eq.(3.13) for FAPT, respectively. The expansion of the factor
in power series up to NLO leads
m
(1)
pQCD(n,Q
2) ≃ 1 + (β1/β0)p(n)as(Q
2)
1 + (β1/β0)p(n)as(Q
2
0)
, (D2a)
m
(2)
pQCD(n,Q
2) ≃ 1 + (β1/β0)p(n)as(Q
2) + (β21/2β
2
0)p(n)(p(n)− 1)a2s(Q2)
1 + (β1/β0)p(n)as(Q20) + (β
2
1/2β
2
0)p(n)(p(n)− 1)a2s(Q20)
, (D2b)
where m(1)(n,Q2) and m(2)(n,Q2) represent the approximation up to O(as) and O(a2s),
respectively. The corresponding “FAPT form” of (D2) is given by
m
(1)
FAPT(n,Q
2) ≃ 1 + (β1/β0)p(n)A1(Q
2)
1 + (β1/β0)p(n)A1(Q20)
, (D3a)
m
(2)
FAPT(n,Q
2) ≃ 1 + (β1/β0)p(n)A1(Q
2) + (β21/2β
2
0)p(n)(p(n)− 1)A2(Q2)
1 + (β1/β0)p(n)A1(Q20) + (β21/2β20)p(n)(p(n)− 1)A2(Q20)
. (D3b)
Combing the approximations in Eqs. (D2, D3) in quantity ∆m(12) = |m(1) −m(2)|/m(1) we
obtain the accuracy better than 1% for any n ≤ 13 (since JP expansion contains only 13
terms for good approximation), in both cases of pQCD and FAPT for two different ranges
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FIG. 3: Nonsinglet SF F2(x) vs x in LO (a), at the energy scale Q2 = 0.3 GeV2 and (b) Q2 = 100 GeV2.
The solid (red) line represents the FAPT result and the dashed (blue) line the pQCD one in the JP method.
The thick squares (red) and spheres (blue) represent the result of the “exact” numerical Inverse Mellin
transform.
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FIG. 4: Nonsinglet SF F2(x) vs x at LO , at energy scale (a) Q2 = 0.3 GeV2, and (b) Q2 = 100 GeV2.
The solid (red) line represents the FAPT outcome and the dashed (blue) line the pQCD one in the JP
method. The thick squares (red) and spheres (blue) represent the result of the “exact” numerical Inverse
Mellin transform.
TABLE I: The accuracy in per cent of the difference of the approximations ∆m(12) =
|m(1) −m(2)|
m(1)
for
pQCD: ∆m
(12)
pQCD and for FAPT: ∆m
(12)
FAPT. The results are presented in two ranges of Q
2: low Q2 ∼ 1 GeV2
and high Q2 ∼ 100 GeV2.
n 2 4 6 8 10 12
∆m
(12)
pQCD% 0.74/ 0.49/ 0.26 / 0.06/ 0.12/ 0.3
Q2 ∼ 1 GeV2/100 GeV2 0.65 0.45 0.25 0.06 0.12 0.3
∆m
(12)
FAPT% 0.03 / 0.02 / 0.01 / 0.00 / 0.01 / 0.01
Q2 ∼ 1 GeV2/100 GeV2 0.18 0.13 0.07 0.02 0.04 0.09
of energy, i.e., low Q2 ∼ 1GeV2 and high Q2 ∼ 100GeV2. The results collected in Table
I demonstrate that for both ranges of energy FAPT has a better convergence than pQCD;
even more, the accuracy is improved for FAPT at low Q2 ∼ 1 GeV2 (really, pQCD must
be worse but we have a low starting point Q20 = 1 GeV
2). The strong hierarchy of FAPT
couplings, |A(FAPT)ν+1 (Q2)| ≪ |A(FAPT)ν (Q2)|, remains valid even at very low |Q2|, cf. [10].
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